
Introduction

In environmental risk assessment, the general
approach to determine the Predicted No-Effect
Concentration (PNEC) of a given chemical sub-
stance is to apply a safety factor to the lowest eco-
toxicity value(s) observed in a species toxicity data
set pertaining to the substance (1). The safety fac-
tor varies with the size of the data set and the
uncertainty of the toxicity endpoint to which it
refers. When the data set is large enough, however,
statistical extrapolation can be used, on the basis
of a model called a Species Sensitivity Distribution
(SSD; 2, 3).

The SSD model assumes a parametric distribu-
tion for a set of chronic ecotoxicity data, e.g. No
Observed Effect Concentrations (NOECs), meas-
ured for a number of species, taken to be represen-
tative for some type of target ecosystem, e.g.
aquatic fresh water species. SSDs are also built for
acute data, such as lethal concentrations
(EC50/LC50 values). In either case, the SSD has to

be fitted to the appropriate data, which technically
is a matter of parameter estimation for a given
model.

The PNEC can be derived from the fitted distri-
bution, often — especially for chronic data — via
estimating the fifth percentile of the SSD, called
the Hazardous Concentration for 5% of the species
(genera). The uncertainty of this HC5 value, due to
the use of a finite data set, can be estimated and
summarised through several measures, such as
confidence limits (3).

Different parametric models are possible for
SSDs. Commonly, the Normal distribution is fitted
over common log-transformed toxicity data (3, 4).
Earlier models addressed the Logistic distribution
over similar data (2, 5). As two-parameter models,
these distributions are good first choices, because
of their general applicability and known mathe-
matical properties, which allow percentile and
model fit uncertainties to be evaluated. Also, in the
European Chemicals Agency (ECHA) Guidance,
the Normal and Logistic distributions are recom-
mended as a first choice (1; p. 22). In order to
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select, or pre-process the data, the ECHA recom-
mends on this same page that: “The test data
applicable to the most sensitive endpoint should be
taken as representative for the species.”

The objective is to obtain a single representative
toxicity value for a species. What should be done
with multiple values is stated like this: “Multiple
values for the same endpoint with the same species
should be investigated on a case-by-case basis,
looking for reasons for differences between the
results. For equivalent data on the same end-point
and species, the geometric mean should be used as
the input value for the calculation.”

Taking the geometric mean of raw data corre-
sponds to applying the arithmetic mean on log-
transformed data. Considering means, when
appropriate, introduces a new element in SSD
modelling, as multiple data for the same endpoint
of one species may not be identical: they exhibit
variability, which can be translated into uncer-
tainty of the mean estimate. In retrospect, a single
species endpoint value, although not showing vari-
ability by itself, often derives from, say, a
dose–response curve, which is estimated from
dose–response data. Hence, the single species esti-
mate is uncertain as well, and on many occasions,
e.g. in many EU Risk Assessment Reports, its
uncertainty is reported.

In the present EU FP7 CADASTER project that
made this research possible, the main question
with regard to effect modelling is whether species
toxicity data for a certain chemical, which are esti-
mated from QSARs, can be used in SSD assess-
ments. QSAR models, like dose–response models,
are estimated from (physicochemical) data, which
makes their predictions uncertain. Acknowledging
this fact, the introduction of QSARs to predict val-
ues in an SSD is essentially no different from using
‘real’ endpoint data in an SSD, or combining both
types of measurement. However, we are forced to
more-systematically address this predictive data
uncertainty, despite the fact that SSD-practition-
ers have largely neglected this uncertainty in hith-
erto ‘real’ endpoint data cases.

Measurement data error may result when the
error is decoupled from how it was originally esti-
mated, e.g. dose–response curve fitting. As out-
lined in the ECHA technical guidance (1), data
error can also arise from combining similar meas-
urements on the same chemical, species, and end-
point, coming from different sources. A third type
of measurement data error may be due to read-
across estimation from a small set of chemicals
sharing similarities with the chemical in focus.

Modelled data error is prediction error quanti-
fied from a model incorporating covariates. This
obviously applies when the model and model input
data on the covariates are available, but in princi-
ple could be handled as given prediction error, not
very different from measurement error. In both

cases, detached prediction error requires informa-
tion on what it means and how it was calculated. 

The present paper tries to address some of these
issues. We recap how classical analysis of variation
(ANOVA) treats within-group data error versus
between-group data error, taking multiple esti-
mates of one toxicological endpoint for one species
as a group. This seems in line with the ECHA guid-
ance to take means of similar species data and con-
sider the SSD as a distribution of species means.
The important message is that taking within-
group error into account reduces the between-
group error. Thus, re-interpreting SSD species
toxicity variation as variation of species toxicity
means, should, in the case of data error, eventually
lead to reduced SSD standard deviation estimates.
One obviously wants to know by how much, in rela-
tion to data or prediction error, and what the con-
sequences are for estimates of hazardous
concentrations. We study the simplest extension of
the basic Normal SSD, in which all data, or pre-
diction, errors are also distributed Normally with
the same standard deviation for each species.
Given the value of the data (prediction) error, we
consider an SSD of species toxicity means, with an
uncertain SSD-mean parameter and an uncertain
SSD-standard deviation parameter.

As classical ANOVA is limited to point estimates
of both variance components, and, moreover, sub-
traction of the within-mean square from the
between-mean square may yield a negative point
estimate of the SSD-standard deviation, a Bayes -
ian analysis is needed to address the uncertainties
of the estimates. The model is essentially a
Bayesian hierarchical model, where the SSD mean
and standard deviation are so-called hyperparame-
ters. The theory and calculations are explained by
Gelman et al. (6; pp. 134–138). The Bayesian
analysis for a sample of n = 5, reveals, to our sur-
prise, that the influence of data error seems
relatively small.

Although more simulations are needed to con-
firm this, the fact that accounting for data error
yields less conservative SSD fits — it follows that
by not taking data error into account, as in the cur-
rent guidance, one stays on the safe side.
Intuitively, one would think that data error makes
things worse, but that is not the case. Better meas-
urement data, or better data predictions, reduce
this conservativeness. This leads to the advice to
base SSDs on measurement data, or QSAR point
estimates, as we have always done.

The Bayesian analysis suggests two important
improvements of current extrapolation constants
as developed by Aldenberg & Jaworska (3). This
leads to a revised set of — as we call them — pre-
dictive extrapolation constants that do more justice
to small sample size, are easier to calculate, and
are based on sample mean and standard deviation
of species toxicity data, as before.
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Variance Components in Classical
ANOVA: Between Species and Within
Species Variation

In the previous section, we have discussed some
methods and assumptions of Normal SSD data fit-
ting, supposing the data to be without error.

However, everyone involved with SSD fitting
knows that input data are not without error in gen-
eral. In some EU risk assessment reports, these
errors are reported. As mentioned in the
Introduction, the ECHA Guidance recommends the
averaging of multiple estimates of one toxicological
endpoint for one species, by taking the geometric
mean (1; p. 22). On the logarithmic scale, this
implies arithmetical averaging. Current SSD fitting
proceeds, however, without taking the uncertainty of
the species mean(s) into account. Also, for single-
number species toxicities, no methods are proposed
to modify the SSD fitting for point uncertainty.

When some or all of the input data must come
from models, e.g. QSARs, we cannot ignore the
incorporation of data error into the SSD-based risk
assessment, although in no way does this differ
fundamentally from taking measurement
uncertainty into account.

Clearly, there are two components in variation:
between species and within species. The archetypi-
cal example of competing variance components is
classical ANOVA.

Suppose yij is the ith log10 toxicity of species j for
the same endpoint and chemical. We have n
species, and for simplicity, we assume that we
have the same number i = 1,…, m replicates for
each species. We denote μ as the mean of the SSD
of species means, τ as the standard deviation of
SSD of species means, and σ as the standard devi-
ation within species. Again simplifying, σ is taken
as identical for all the species.

Table 1 presents the classical ANOVA table lay-
out to calculate between species and within species
sums of squares and mean squares (6; p. 133, 7; p.
247).

The SSD mean is estimated from the grand
mean:

μ̂ = ȳ••
One computes the SS and MS columns from the
data and uses MSB and MSW to estimate both σ,
the within species standard deviation, as well as τ,
the SSD species means standard deviation:

The τ point estimate can become negative, which is
considered a defect of basic classical ANOVA by
Bayesians (6; p. 138, 7; pp. 247–248). We will only
use this calculation to illustrate what happens
with τ for increasing data error, σ. This is best
demonstrated with a numerical example (Tables
2a, 2b, and 2c). Later on, we will analyse the same
data from the perspective of a hierarchical
Bayesian model.

Suppose we have five species with the toxicity
values shown in row 2 of Table 2a. These are cho-
sen as the inverse standard Normal cdf values
(quantiles) at probabilities: [0.10, 0.30, 0.50, 0.70,
0.90], leading to the raw data: [–1.282, –0.524,
0.000, 0.524, 1.282]. The sample mean and sample
standard deviation are 0.000 and 0.979, respec-
tively. We rescale the sample by the sample statis-
tics to get the standardised data: [–1.309, –0.536,
0.000, 0.536, 1.309]. This is our n = 5 SSD base
data set (row 2 in Tables 2a, 2b, and 2c), with sam-
ple mean 0.0 and sample standard deviation 1.0.
These rows are copied unmodified to rows 1 and 3
in Table 2a, representing error-free species data:
σ = 0. The point estimates of the variance compo-
nents become: σ̂ = 0, τ̂ = 1.000. The SSD standard
deviation estimate of species means is equal to the
standard deviation of the base data set in row 2.
This can be interpreted in the sense that estimat-
ing the SSD standard deviation from unreplicated
data, like those in row 2, makes the silent assump-
tion that the data are error-free.

In Table 2b, we subtract a small data error σ = 0.1
from row 2 to obtain row 1, and add the same
amount to row 3. It follows from Table 2b that
σ̂ = 0.100, τ̂ = 0.998. Note that τ̂ is a little smaller
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Table 1: A classical ANOVA table to calculate between species and within species sums of
squares (SS) and mean squares (MS)

df SS MS Expected (MS)

Between species n – 1 SSB = Σi,j(ȳ.j – ȳ..)2 MSB = SSB/(n – 1) σ2 + m· τ2

Within species (m – 1)· n SSW = Σi,j(yij – ȳ.j)2 MSW = SSW/((m – 1) · n) σ2

Total m· n – 1 SST = Σi,j(yij – ȳ..)2 MST = SST/(m· n – 1)

The last column shows the expected MS, given the variance components.

σ̂ =   MSW

(MSB – MSW)
τ̂ =   m

Ïttt

Ïttttttt
R



than 1.0, i.e. the sample standard deviation of the
base data set.

When the data error σ = 1.0, we obtain Table 2c.
Note that the data error now competes with the
SSD variability. It follows from Table 2c that
σ̂ = 0.100, τ̂ = 0.816. Now, τ̂ is substantially
smaller than 1.0, the error-free sample standard
deviation of the base data set. If we take σ = 1.5
(not tabulated), τ̂ drops fur ther down: σ̂ = 1.500,
τ̂ = 0.500.

Indeed, when the data error is taken equal to
the SSD would shrink

to a point probability mass, as σ̂ = 1.732, τ̂ = 0.
Bigger σ-values would lead to a negative point
estimate of τ, without altering the method.

In the next section, we will explore the Bayesian
solution, to see if what ANOVA tells us — SSD
shrinkage with increasing data error — comes out
of the Bayesian analysis as well.

Table 2: ANOVA tables showing the effects of species toxicity error on estimated SSD
variance

a) artificial log-toxicity data for five species, each measured without error

1 2 3 4 5

1 –1.309 –0.536 0.000 0.536 1.309
2 –1.309 –0.536 0.000 0.536 1.309
3 –1.309 –0.536 0.000 0.536 1.309
y.j –1.309 –0.536 0.000 0.536 1.309
y.. 0.000

df SS MS Estimates

Between species 4 SSB = 12.000 MSB = 3.000 σ̂ 2 + 3·τ̂ 2

Within species 10 SSW = 0.000 MSW = 0.000 σ̂ 2

Total 14 SST = 12.000

b) as in Table 2a, with 0.1 unit standard deviation in the three replicates per species

1 2 3 4 5

1 –1.409 –0.636 –0.100 0.436 1.209
2 –1.309 –0.536 0.000 0.536 1.309
3 –1.209 –0.436 0.100 0.636 1.409
ȳ.j –1.309 –0.536 0.000 0.536 1.309
ȳ.. 0.000

df SS MS Estimates

Between species 4 SSB = 12.000 MSB = 3.000 σ̂ 2 + 3·τ̂ 2

Within species 10 SSW = 0.000 MSW = 0.010 σ̂ 2

Total 14 SST = 12.100

c) as in Tables 2a and 2b, with 1.0 unit standard deviation in the three replicates per species

1 2 3 4 5

1 –2.309 –1.536 –1.000 –0.464 0.309
2 –1.309 –0.536 0.000 0.536 1.309
3 –0.309 0.464 1.000 1.536 2.309
ȳ.j –1.282 –0.524 0.000 0.524 1.282
ȳ.. 0.000

df SS MS Estimates

Between species 4 SSB = 12.000 MSB = 3.000 σ̂ 2 + 3·τ̂ 2

Within species 10 SSW = 10.000 MSW = 1.000 σ̂ 2

Total 14 SST = 22000

σ =  MSB   =   3.000 = 1.732,Ïttt Ïtt

22                                                                                                                                          T. Aldenberg & E. Rorije



Normal SSD with Normal Data Error:
Bayesian Analysis

In this section, we present a Bayesian analysis of
the five-point SSD base sample of the previous sec-
tion, explicitly assuming data error. This tech-
nique is called hierarchical modelling. The theory
is explained in Gelman et al. (6; p. 134–138).

When the data error of each species is distrib-
uted Normally with standard deviation σj, the
equation for the posterior density of SSD mean μ
and SSD standard deviation τ becomes:

This is Equation 5.18 in Gelman et al. (6). We
assume σj to be given and equal for each species j.
These are interpreted as error of the species mean,
or prediction estimate. We suppress the dot in the
former ANOVA notation, regarding ȳj as a point
estimate, from either data, or a model. In hier -
archical modelling parlance, μ and τ are called
hyper parameters. A Bayesian method that includes
estimation of the hyperparameters is called full-
Bayesian.

The prior distribution p (μ,τ )∝1 is taken to be
uniform. Gelman et al. (6) report that taking log(τ)
uniform, i.e. the reference (non-informative) prior for
the error-free data SSD (3, 8), leads to trouble in the
hierarchical model. Since the prior has influence
with small sample sizes, the results cannot be
directly compared with error-free SSD fitting based
on the non-informative prior. The data vector y only
enters the posterior via the species means, ȳj, for
each species. These are the sufficient statistics.

The five-point artificial data set is [–1.309,
–0.536, 0.000, 0.536, 1.309], taken from Table
2a–2c. We interpret them as data averages, or
model estimates, much in line with the ECHA
Guidance. The sample mean is 0.0, and the sample
standard deviation is 1.0.

Figure 1 shows the contour line plots of the
posterior distribution of μ and τ for increasing
values of σ: 0.1, 0.5, and 0.8. Finally, we compare
with σ = 0. The reason to stop at σ = 0.8 is that at
higher values the posterior distribution maximisa-
tion has convergence problems, when the optimum
is approaching the origin (0, 0). Apparently, this
occurs at a much lower data noise level than in the
ANOVA.

The posteriors density values are scaled, in such a
way that peaks have height 1.0 in each plot. Ten con-
tours are drawn at values: 0.05, 0.15, 0.25,…, 0.95.
The dot indicates the location of the maximum. Note
that the maxima are located on the vertical line
μ = 0, and that τmax decreases with increasing data
error (σ), like in the ANOVA analysis.

The SSD intrinsic μ and τ values with maximum
posterior density are, for each σ, as shown in Table
3, where we have also added the case where the
species means are error-free (σ = 0).

p (μ,τ|y) ∝ p (μ,τ ) ∏j Normal ( ȳj|μ,  σj
2 + τ2  )Ïttt = = = =

Artificial data set (n = 5) from Table 2a (row 2).
Posterior contours: a) sigma = 0.1; b) sigma = 0.5 and
c) sigma = 0.8.

Figure 1: Contour plots of posterior
densities for Normal SSD mean (μ)
and standard deviation (τ) for
three given Normal data error
standard deviations (σ)
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Figure 2 presents 3-D plots of the posterior den-
sities for the same settings as in Figure 1. Note
that at the near critical σ = 0.8, the posterior max-
imum is approaching the boundary at τ = 0. To
simulate the predictive SSD distribution, we sam-
ple 20,000 points from the posterior distributions,
by rejection sampling in the rectangular region
delimited by: μ = [–4.0, 4.0] and τ = [0.0, 8.0]. More
sophisticated methods are available, e.g. Markov
Chain Monte Carlo (MCMC) techniques, but this
suffices for the moment. Each sampled point from
the posterior densities defines a SSD, the threads
generating a so-called spaghetti plot, as in
Aldenberg and Jaworska (3). These are averaged
point-wise to obtain the respective predictive dis-
tributions (both pdf and cdf), which are plotted in
Figure 3 for increasing values of data error (σ). The
dotted curves have lowest σ = 0.1; the dashed dis-
tribution curves result when the data error
standard deviation (σ = 0.5) is roughly half the
species data standard deviation. The continuous
SSD curves (both pdf and cdf) are obtained when
the data error competes with the SSD standard
deviation. The cdf data plotting positions, only for
visualisation, are those proposed by Tukey:
(i – 0.333)/(n + 0.333), which are easy to memo-
rise, and respect median order statistics (8; pp.
88, 91).

From the hierarchical cdf predictive SSDs, the
right panel in Figure 3, we calculate the respective
5th percentiles of each predictive distribution in
Table 4, back-calculating the HC5 for sample stan-
dard deviation equal to 1. Note that for increasing
data error, the predictive SSDs become less wide,
leading to an increase of the 5th percentile hierar-
chical predictive hazardous concentration. This
conforms to the findings in the ANOVA. However,
the increase seems quite modest to us. As in Table
3, we have added the simulation for negligible
(‘zero’) data error (σ) in Table 4. Later on, we will
relate this to the conventional non-hierarchical
error-free data SSD. To be able to compare the
hierarchical zero-error predictive log10HC5 to a
similar measure from the traditional error-free

Table 3: Maximum posterior density
estimates for the Normal SSD
parameters

σ μmax τmax

0.0 0.0 0.894
0.1 0.0 0.889
0.5 0.0 0.742
0.8 0.0 0.401

μ = mean and τ = standard deviation, for given Normal
species error, σ equal for all species. Data (n = 5) are
from Tables 2a–2c, second rows respectively.

Figure 2: 3D plots of posterior densities for
Normal SSD mean (μ) and
standard deviation (τ),
corresponding to the contour
plots in Figure 1
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log10HC5 (which must obviously be equal), we need
to surmount some technical hurdles. This is accom-
plished in the next section. 

The preliminary conclusion from this simulation
is that data error seems to have a quite moderate
influence on the 5th percentile estimation of the
predictive SSD, even for a five-point data set.
Moreover, neglecting data error yields a slightly
conservative estimate, which we are going to
exploit to our advantage.

Predictive Hazardous Concentrations:
New Extrapolation Constants

The predictive SSD distribution is a model for the
probability of where to find a new observation
given a sample of size n. Predictive distributions
are point-wise averages of pdf and cdf spaghetti
plots (Figure 3). Previously (3), we have adopted
the non-informative prior for SSD mean and stan-

Figure 3: Simulated posterior predictive SSDs fitted to the artificial data set from Table 2a
(row 2) for increasing data error

pdf is shown in the upper panel; cdf is shown in the lower panel. In the artificial data set from Table 2a (row 2), 
n = 5. Increasing data error (0.1, 0.5, and 0.8) is represented by the dotted, dashed, and continuous lines,
respectively. In the latter case, data error competes with the SSD standard deviation.
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dard deviation in the Bayesian analysis for error-
free data SSDs: p (μ,τ ) ∝ 1/τ .

However, the error-in-data model will not work
with the non-informative prior, but needs the
uniform prior (6). Over the years, we have devel-
oped reservations about the non-informative
prior also in the error-free data case (which
almost never holds anyway). Despite its histori-
cal importance in Bayesian statistics, the non-
informative prior tends to favour smaller, quite
biased, SSD standard deviations, with no justifi-
cation at all. And this especially matters in small
samples. We currently think that the non-inform-
ative prior is unwarranted in small sample SSD
fitting. So, we are inclined to switch to the uni-
form prior for the non-hierarchical model as well,
which moreover makes it possible to connect the
error-free data SSD and the zero-error error-in-
data SSD.

With the uniform prior, p (μ,τ ) ∝ 1, the joint max-
imum posterior point estimate becomes:

The τ estimate is essentially the n-based stan-
dard deviation known from maximum likelihood
arguments. With the uniform prior, the posterior
density becomes the normalised likelihood func-
tion, which is important, as both Bayesians and
non-Bayesians accept the likelihood as the
default weighting function of parameter uncert -
ainty.

For the n = 5 artificial data set, with sample
mean 0 and sample standard deviation 1, the max
posterior estimates becomes: 

which conforms to Table 3, for data-error σ = 0.0.
So the uniform prior error-free SSD and the hier-
archical SSD model, but with zero data error, now
yield the same answer.

For any Normal model, e.g. SSD or read-across,
the classical non-informative prior leads to a pre-
dictive distribution (see Appendix 1) that is
Student-t with n – 1 degrees of freedom, location
parameter ȳ (the sample mean), and scale parame-
ter proportional to the sample standard deviation:

The posterior uncertainty of the mean, μ, has a
reduced scale parameter:

The uniform prior changes only the parameters of
the Student-t distributions involved (7; p. 102). In
this case, the predictive distribution becomes a
Student-t with n – 2 degrees of freedom (one df
less!), the same location parameter ȳ (the sample
mean), but enlarged scale parameter proportional
to the sample standard deviation:

In fact, Box & Tiao (7) note that this predictive
scale parameter can be re-interpreted as a modi-
fied estimate of the SSD standard deviation:

Percentiles (e.g. the 5th percentile) of the predic-
tive distribution can be used as an estimate of
log10HC5, doing more justice to small sample size
than the current median extrapolation constants,
as developed by Aldenberg and Jaworska (3). The
new extrapolation constants are easily calculated
in MS Excel® as:

= T.INV(FRAC,N−2)*SQRT(1+1/N)*SQRT((N−1)/(N−2))

Similar T-functions would allow the plotting of
predictive distributions (pdf and cdf), as well as
those of posterior μ, i.e. by leaving out ‘1+’ from
SQRT(1+1/N). At sample size n = 5, the predictive
extrapolation constant becomes (from the above
spreadsheet function) –2.997, which quite well
matches the 5th percentile predictive hierarchical
error-in-data simulated value at σ = 0 in Table 4.
Hence, for the fitting of Normal SSDs, and the
development of new extrapolation constants, we
propose two modifications: from median percentile
uncertainty extrapolation estimates toward new
predictive extrapolation constants, and from the
too-optimistic, non-informative prior toward the
more-realistic uniform prior.

Table 4: Logarithmic 5th percentile
Hazardous Concentrations, and
anti-logs, from hierarchical Normal–
Normal SSD models for given
(mean) species error σ, equal for all
species

σ log10HC5 HC5

0.0 –2.97 1.07 × 10–3

0.1 –2.95 1.12 × 10–3

0.5 –2.71 1.95 × 10–3

0.8 –2.35 4.47 × 10–3

Data (n = 5) are from Tables 2a–2c. We observe a
relatively minor influence of data error on the 
results.
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In Table 5, we present extrapolation constants
kpred  for a selection of fractions of species affected.
For unstandardised samples, the extrapolation
formula becomes: ȳ+kpred • sy

We have extended the percentages in Table 5, in
order to cover extrapolation of both chronic/NOEC
and acute data, cf. Aldenberg and Luttik (9). The
ECHA-recommended sample size (of 10) is shown
in bold-face, and the extrapolation constants for
very large sample size, which derive from the stan-
dard Normal distribution, are shown in italics. The
major reasons why we like these predictive extrap-
olation constants are four-fold:
1. They are based on the uniform prior and there-

fore a limiting case of the error-in-data model.
2. They are easy to calculate from the predictive

distribution.
3. They are more sensitive to sample size, com-

pared to the median log10HC5 uncertainty esti-
mators.

4. There is just one number, instead of three.

Note that at sample sizes 3, 4, and 5, the classical
median extrapolation constants (3, 8) are –1.94,
–1.83, –1.78, which are not dramatically different
from the ‘infinite’ sample size value: –1.65. In cur-
rent practice, the problem is that the lower and
upper extrapolation constants, which do reflect
sample size, are reported only occasionally.

The predictive extrapolation constants at sample
sizes 3, 4, and 5, when rounded, are: –10, –4, –3,
becoming –2 at the ECHA-recommended sample

size of 10, and likewise settling at –1.6 for large
samples. This is due to the predictive distribution
to be the average SSD from the spaghetti plot, as
well as the more realistic uniform prior for the SSD
standard deviation.

Discussion: The Proposal to Not
Correct for Data Error

Although the basic ANOVA point estimation pro-
cedure is insufficient as a general procedure to cor-
rect SSD and hazardous concentration estimation
for data error, it points in the right direction that
an estimate of SSD species toxicity variation
should decrease for increasing data noise.

In this paper, we have prototyped the full-
Bayesian solution of the simplest hierarchical model
to address the interaction between two Normal vari-
ance components: variation between expected
species toxicity values, and uncertainty within a
species toxicity estimate. The Bayesian analysis
confirms the ANOVA findings: the more noise
within the individual species estimates, the less
information remains for the SSD variance of
expected endpoint values of different species.

In the ECHA Guidance on SSD (1), one is
advised to average multiple data for the same end-
point and species. This implies that, conceptually,
one strives for stable species numbers approximat-
ing expected values. In particular, an SSD should
not be a mixed bag of raw multiple predictions, or
measurements, for each species. The ECHA guid-

Table 5: Predictive extrapolation constants for given fraction of species affected for samples
of size n, standardised by sample mean and sample standard deviation

n 0.10% 0.25% 0.50% 1% 2.5% 5%

3 * * * * * –10.310
4 * * * –9.537 –5.892 –3.998
5 * –9.428 –7.388 –5.744 –4.026 –2.977
6 –8.662 –6.760 –5.560 –4.525 –3.353 –2.574
7 –6.902 –5.590 –4.722 –3.941 –3.010 –2.360

8 –5.966 –4.946 –4.247 –3.600 –2.803 –2.226
9 –5.392 –4.541 –3.943 –3.378 –2.665 –2.135
10 –5.007 –4.263 –3.733 –3.222 –2.565 –2.069
12 –4.523 –3.910 –3.460 –3.017 –2.432 –1.979
15 –4.128 –3.615 –3.229 –2.841 –2.315 –1.898

20 –3.801 –3.365 –3.030 –2.687 –2.212 –1.826
30 –3.526 –3.152 –2.859 –2.552 –2.119 –1.760
50 –3.336 –3.003 –2.737 –2.456 –2.052 –1.711
100 –3.208 –2.901 –2.653 –2.389 –2.005 –1.677
200 –3.148 –2.853 –2.614 –2.357 –1.982 –1.661

∞ –3.090 –2.807 –2.576 –2.326 –1.960 –1.645

*Entries smaller than –12. The ECHA-recommended sample size (of 10) is shown in bold-face. The extrapolation
constants for very large sample size, which derive from the standard normal distribution, are shown in italics.
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ance does not recommend correcting for data error,
whatever its source. In this paper, we have
observed that implementing such a correction
would be likely to reduce estimates of species toxi-
city variance. This means that not doing so yields
a conservative estimate of the SSD. A very nice con-
sistency coming out of the mathematics is that the
current SSD methodology, implicitly assuming
error-free data, yields the same results as the
error-in-data hierarchical model for negligible
error.

The n = 5 trial example shows that — to our sur-
prise — the effects of the within species estimation
error seem quite modest, even in cases where this
error approaches the SSD species variation,
although other sample sizes and other distribu-
tions need to be studied to confirm this.

If SSD guidance requires correction for estima-
tion error of expected species toxicities, then this
will not simply be a matter of making the hierar-
chical SSD model available. In practice, it will be
very difficult to get reliable species error esti-
mates, as the species data derive not only from dif-
ferent models, but from different statistical
estimates, asymmetric versus symmetric intervals,
small sample versus asymptotic confidence limits,
varying experimental conditions, and so on. In
addition, the raw data may not be available to
allow every estimate to be harmonised.

As the influence of individual species estimation
error seems rather limited and more data error
leads to less conservative estimation, we think
that not correcting for species estimation noise is in
fact defensible, at least for the time being. We
assume that, if species toxicity estimates were to
become more precise, then conservativeness would
decrease. Mathematical evidence suggests that
this is a persistent pattern. Noise in the data
reduces the SSD variability of estimated species
toxicities.

When including QSAR-based species estimates,
the situation is very similar to that for estimated
species data, or for dose–response derived species
data. The ECHA guidance is very clear on the
point that multiple data on the same endpoint and
species must be averaged. The implication of aver-
aging multiple measured data for advice on how to
deal with modelled data is that the model estimate
goes into the SSD — not the model estimate uncer-
tainty, nor the predictive uncertainty of new data,
given the model. Hence, it makes little sense to
perform error propagation on SSD results from
either of these two uncertainty sources.

The final recipe is embarrassingly simple: collect
your average data or model point estimates; then
use the revised predictive extrapolation constants,
as if these estimates were error-free, and you’re
done. The hierarchical model paradigm strongly
suggests that your extrapolation is on the safe
side — without extreme over-protecting.

In read-across estimation (10), we can follow a
similar procedure. Read-across is much like SSD
estimation, since no covariates are involved. One
can either hunt for the prediction of the expected
value, or the predictive uncertainty of where simi-
lar data are to be found (see Appendix 1). By
neglecting the error in the data, one obtains a con-
servative estimate of the variation, i.e. on the high
side.

If one feels the need to make adjustments for
data or model error, then the appropriate analysis
is a hierarchical model that corrects for estimation
errors of expected values, by separating variance
components, instead of by propagating errors and
compounding variance components.

Since species data are often model estimates
from modelled dose–response data, there seems lit-
tle difference between species toxicity data from
dose–response models and species toxicity esti-
mates from QSARs based on predictor covariates.
We do not see any fundamental problem in com-
bining the two types of estimates into a single SSD.

The present paper exploits the Bayesian predic-
tive distribution concept for estimating a single
curve SSD, which operationally is a mean curve of
Bayesian spaghetti plots. The ubiquitous median
log10HC5 estimator is found to be quite robust for
varying sample size ― in fact, too much so. The
skewness of the log10HC5 uncertainty distribution
is often unaddressed, yielding an over-optimistic
impression of insensitivity of the median estima-
tor. The same is true for the ubiquitous non-
informative prior on the SSD standard deviation,
which we now consider to be too optimistic, and in
need of modification in the error-in-data model
anyway.

Deliberating these thoughts, we have presented
a set of revised predictive extrapolation constants
(Table 5), to be used in the same way as the
median percentile estimator: i.e. by multiplying by
the sample standard deviation and subtracting the
result from the sample mean. In Table 5, these pre-
dictive extrapolation constants vary over sample
sizes and protection levels. The predictive SSD dis-
tribution that defines the revised extrapolation
constants is much less complicated to evaluate
than the former percentile uncertainty distribu-
tions, and has more realistic sample size depend -
ence built in.

Although the ECHA recommendation of mini-
mum sample size of 10, preferably 15, is very rea-
sonable advice, we have tabulated the predictive
extrapolation constants for lower sample sizes as
well. Not only do lower sample sizes occur for some
branches of ecotoxicology (sediments, terrestrial
data, etc.), but the improved sample size depend-
ence relaxes the minimum sample size require -
ments to some extent.

Extrapolation is done on both NOEC, or chronic,
data, as well as (sub-) acute data. Although a
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plethora of existing safety factors is one way of
addressing the different kinds of toxicological
effect, Table 5 presents an enlarged range of target
species protection levels to adapt to the needs of
acute versus chronic risk assessments.

Note that, if the SSD model has any predictive
value, then safety factors should always depend on
(estimated) SSD variance.
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Matrix Formulation of Model
Prediction Uncertainty

We consider a regression model with k predictors.
The predictor variables can be non-linear functions
of covariates, although this is not often done.
Linear regression assumes linearity of the
regression coefficients.

The data vector is y and the design matrix is
called X. For QSAR models, each row of the matrix
is a (1 + k)-dimensional (QSAR) vector of predic-
tors, each for a chemical in the training data set.
Numbers and types of predictors can differ
between QSARs.

The model estimates,yˆ , at the training points, are:

The mean square error (MSE) due to regression is:

At a given (1 + k)-dimensional QSAR input vector,
x0, of a new substance, say, the model point esti-
mate is: ŷ0 = x0•βˆ

Assuming Normal errors, the Bayesian uncer-
tainty of the model estimate for this substance has
a location-scale Student-t distribution, with loca-
tion parameter: ŷ0 , scale parameter:

and df = n – (1 + k) degrees of freedom. This Student-
t distribution is analogous to the classical confi-
dence interval, with significance level  (two-sided),
for the expected response at QSAR input vector x0:

With only one covariate, the input vector is:
x0 = (1 x10). Then, the model estimate becomes:

ŷ0 = βˆ 0 + βˆ 1 •x10

The 95% two-sided model estimate confidence
interval at x10 turns out to be:

[cf. Draper and Smith (11; p. 80–81), Helsel and
Hirsch (12; p. 241), Dalgaard (13; p. 120).]

As a function of x10, these model estimate confi-
dence bands plot as the familiar hollow shaped
curves around the line. Many data points may be
outside of these bands.

If the input covariate x10 is located in the mean of
the x training data, x̄, and sample size is very

large, then the model estimate uncertainty
becomes nil at that point. This is the centre of the
regression. Outside the centre, the model esti-
mate uncertainty increases with the distance of
the input covariate x10 from x̄, even for very large
samples.

Similar to the prediction uncertainty of the
model estimate, the Bayesian predictive distribu-
tion of an individual observation of the response
variable for a new substance is a Student-t distri-
bution, again with location parameter: ŷ0, but now
with increased scale parameter:

and  df = n – (1 + k) degrees of freedom.
Again the classical predictive limits are consistent
with the Bayesian version. The 95% two-sided pre-
dictive limits for a single covariate are:

As a function of x10, these bands plot as almost
straight lines more or less enveloping the data. In
the centre of the regression (see above), and with
very large sample size, the predictive limits settle
at ŷ0 ± 1.96•s.

Read-Across and SSD as ‘Covariate-
less’ Regression

The matrix regression formalism of the previous
section allows an easy derivation for modelling a
Normal distribution of variability without covari-
ates, e.g. k = 0, such as in read-across or an SSD.
The design matrix of training points becomes:
X = (1,1,..., 1)T, i.e. a n-size column vector of ones,
since we only have an intercept (constant) to be
estimated.
With X T

•X = n,(X T
•X )–1 = 1/n, the intercept is

estimated by the mean of the data:

With input: x0= 1, the model estimate is:
ŷ = ŷ0 =βˆ 0 = ȳ
The MSE due to regression is:

the usual sample variance.
The uncertainty distribution of the model estimate is
Student-t with location: y ̂ = ȳ, and scale parameter: 

Appendix 1

   1   
n – 1

       1      •s2 = (y – X βˆ )T (y – X•βˆ ) =n – (1 + k)

1n

Σi(yi – ȳ)2
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βˆ = (XTX )–1 XTy
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T
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which shrinks to negligible values for very large
samples. The degrees of freedom is n – 1.

The uncertainty distribution of a new observa-
tion, or predictive distribution, is also Student-t
with location: y ̂ = ȳ, but larger scale parameter:

which converges to s in very large samples. The
degrees of freedom is also n – 1.

Ïtttttt Ïtts• 1 + x0
T

• (XT
•X )–1

•x0 = s•
1
n1+
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